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Abstract
Extending the definition of phase-space (Wigner) quantum projectors to thermodynamic ensem-
bles usually results into an efficient platform for quantifying their elementary information content.
Given the spectral decomposition profile of a thermalized quantum system, general expressions
for the quantum purity quantifier, P(β), and for phase-space projectors related to the quantum
fidelity, F(β), are explicitly derived in terms of an explicit correspondence with the related parti-
tion function, Z(β). Besides quantifying the storage of information capacity of thermodynamical
ensembles, the tools here introduced extend the role of the partition function in expressing the
quantum behavior of thermodynamic ensembles.
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Introduction – Even considering that the concept of statistical thermodynamic equilib-
rium described by the phase-space Gibbs-Boltzmann formula can not be trivially generalized
to quantum mechanics, the Weyl-Wigner phase-space formalism [1, 2] sufficient and solid
grounds for the inception of the quantum statistical mechanics [3]. As a consequence, the
thermodynamics of quantum ensembles embedded into the phase-space quantum mechanical
description of Nature exhibits an enlarged set of encoded information which may (or not)
be summarized by the partition function of a thermalized system.
Thermal average values obtained for canonical ensembles as weighted sums over all (quan-
tum) states, once resumed by its statistical partition function, are operationally useful in-
sofar as one can quantum mechanically calculate the Hamiltonian system energy levels and
their related properties. In this context, besides the well-stablished quantifiers for the stor-
age of energy [6] – namely related to classical and quantum results for internal energy and
heat capacity – general expressions for storage of information quantifiers: the quantum pu-
rity, P(β), and phase-space projectors related to the quantum fidelity, F(β), can also be
explicitly obtained in terms of the quantum system related partition function, Z(β). To
demonstrate such an assertion, canonical ensembles constructed as thermalized statistical
mixtures supported by the Weyl-Wigner formalism are considered. Their construction as-
pects straightforwardly provide the results for measures of quantum purity, through which
temperature dependent decoherence effects can be explicitly quantified in terms of the en-
semble partition function.
Besides quantifying the storage of information capacity, our results suggest that the quan-
tum projector tools obtained from the phase-space description of thermodynamic ensembles
extend the role of the partition function in expressing the system quantum behavior.
Quantum Projectors for Thermodynamic Ensembles – Departing from the one-
dimension Weyl transform [2] of a quantum operator, ρˆ,
ρW (q, p) = 2
∫ +∞
−∞
du exp (2 i p u/~) 〈q−u|ρˆ|q+u〉 = 2
∫ +∞
−∞
dv exp (−2 i q v/~) 〈p−v|ρˆ|p+v〉, (1)
where q and p are position and momentum coordinates, the Wigner function for a quantum
state, W (q, p), is expressed by ρW (q, p), when ρˆ is identified with the quantum mechanical
density operator. For ρˆ written in terms of quantum states as ρˆ = |φ〉〈φ|, one then has
h−1ρˆ→ W (q, p) = (pi~)−1
∫ +∞
−∞
du exp (2 i p u/~)φ∗(q − u)φ(q + u), (2)
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which exhibits the properties of a real-valued quasi-probability distribution and has a number
of subtle properties connected to the matrix operator quantum mechanics. For instance, the
trace of the product between ρˆ and a generic operator, Oˆ, results into average values, 〈O〉,
evaluated by the product of their Weyl transforms integrated over the phase-space plane,
q − p, as [1, 2]
Tr{q,p}
[
ρˆOˆ
]
→ 〈O〉 =
∫ +∞
−∞
dp
∫ +∞
−∞
dqW (q, p)OW (q, p). (3)
Of course, it is constrained by the normalization condition of ρˆ, Tr{q,p}[ρˆ] = 1, which suggests
the preliminary interpretation of W (q, p) as a probability distribution. In particular, such
trace analog operations result into the projection property described by
Fab = Tr{q,p}
[
ρˆa%ˆb
]
= 2pi~
∫ +∞
−∞
dp
∫ +∞
−∞
dqW a(q, p)Wb(q, p) = |〈φ|ϕ〉|2, (4)
for ρˆa = |φ〉〈φ| identified with W a(q, p), and %ˆb = |ϕ〉〈ϕ| identified with Wb(q, p). From
Eq. (4), the quantum purity, P , is also obtained from a straightforward trace operation
given by
P = Tr{q,p}[ρˆ2] = 2pi~
∫ +∞
−∞
dp
∫ +∞
−∞
dqW (q, p)2. (5)
For gaussian states, the square root of Fab corresponds to the so-called quantum fidelity
between ρˆa and %ˆb, and for identical pure states, with ρˆa ≡ %ˆb, Fab is reduced to P =
Tr{q,p}[ρˆ2] = 1. Likewise, as it shall be demonstrated in the following, such information
quantifiers statistically related to the properties of the density matrix can also be computed
for canonical ensembles, in terms of their associated partition functions.
From this point, as a matter of convenience, the above framework shall be reconfigured
in terms of a dimensionless form of the Wigner function, W(x, k; τ), written in terms of
dimensionless variables, x = (mω ~−1)1/2 q and k = (mω ~)−1/2 p, for which mass and energy
scales, m and ~ω, have been provided, and a dimensionless time-like quantity, τ = ωt, has
been described in terms of an arbitrary angular frequency, ω. It is resumed by [7]1
W(x, k; τ) = pi−1
∫ +∞
−∞
dy exp (2 i k y)ψ(x− y; τ)ψ∗(x+ y; τ), (7)
1 The correspondence between ψ(x, τ) and φ(q; t) is consistent with their normalization constraints,∫ +∞
−∞
dx |ψ(x; τ)|2 =
∫ +∞
−∞
dq |φ(q; t)|2 = 1. (6)
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with y = (mω ~−1)1/2 u, and where ~ has been absorbed by the (implicit) phase-space
volume integration.
From now on, considering that the quantum propagator (Green’s function) for a time-
independent dimensionless Hamiltonian H could be expressed by
∆(x, t; x′, 0) = 〈x| exp(−i τ Hˆ)|x′〉, (8)
a thermal density matrix thermodynamically engendered by H can be derived from
∆(x, τ ; x′, 0). For a canonical ensemble in equilibrium with a heat reservoir at temper-
ature T , the associated thermal density matrix, ρ(x, x′; β~ω), can be obtained [3, 4] by
replacing the above related time-dependence, τ , by −i β~ω, where β = 1/kBT , and kB is
the Boltzmann constant. In this case, one has
ρ(x, x′; β~ω) = ∆(x,−i β; x′, 0) =
∑
n
exp(−β~ω εn)ψ∗n(x)ψn(x′), (9)
where quantum eigenstates and eigenenergies, ψn(x) and εn, are implicitly constrained by
the eigenvalue equation Hψn(x) = εn ψn(x).
In the coordinate representation of the state operator for the canonical ensemble, the
functional ρ(x, x′; β~ω) can have its delocalization aspects parameterized by displacement
relations, x→ x+y and x′ → x−y. It leads to the y-Fourier transform of ρ(x+y, x−y; β~ω)
identified with a thermalized phase-space probability distribution, Ω(x, k; β), as
Ω(x, k; β) = pi−1
∫ +∞
−∞
dy exp (2 i k y) ρ(x+ y, x− y; β~ω), (10)
which satisfies the Bloch equation [3, 5],
∂Ω
∂β
= −HˆΩ = −ΩHˆ, (11)
with Ω(β = 0) working as an identity operator.
From Eq. (10), one thus identifies the correspondence between ρ(x+ y, x− y; β~ω) and
the canonical ensemble partition function, Z(β), by means of a trace operation explicitly
given by
Z(β) = Tr
[
exp(−β~ω Hˆ)
]
=
∫ +∞
−∞
dx
∫ +∞
−∞
dk Ω(x, k; β) =
∞∑
n=0
exp (−β~ω εn) , (12)
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from which a large set of systematic thermodynamic and statistical results can be evinced.
From Eq. (10), the corresponding normalized Wigner function is then written as
WΩ(x, k; β) = (piZ(β))−1
∫ +∞
−∞
dy exp (2 i k y) ρ(x+ y, x− y; β), (13)
which is converted into the essential tool for defining quantum projectors for thermodynamic
ensembles.
To clear up this point, one can firstly consider the ensemble of quantum states of a
thermodynamical system a described in terms of Wigner distributions written as
WaΩ(x, k; β) =
1
Za(β)
∞∑
n=0
an(β)Wan(x, k), (14)
with an(β) = exp(−β~ω εan) and
Wan(x, k) = pi−1
∫ +∞
−∞
dy exp (2 i k y)ψan(x− y)ψa∗n (x+ y), (15)
for the set of ortonormalized stationary states {ψan}. Analogous definitions for a system b,
with bn(β) = exp(−β~ω εbn), are also introduced. In this case, the quantum projector from
Eq. (4) leads to
Fab → Fab(β, β′) = 1Za(β)Zb(β′)
∞∑
n,`=0
an(β) b`(β
′)|αn`|2, with αn` = 〈ψan|ψb`〉. (16)
By observing that an(0) = b`(0) = 1, as well as
∞∑
`=0
|αn`|2 =
∞∑
n=0
|αn`|2 =
∞∑
n=0
〈ψb` |ψan〉〈ψan|ψb`〉 = 〈ψb` |
( ∞∑
n=0
|ψan〉〈ψan|
)
|ψb`〉 = 〈ψb` |I|ψb`〉 = 1,
one notices that Fab(0, β′) = 1/Za(β → 0) = Fab(β, 0) = 1/Za(β′ → 0) = Fab(0, 0) = 0,
which corresponds to the lower bound value of Fab(β, β′). More relevantly, for a ≡ b, one
has αn` = δn` and, therefore,
Faa(β, β′) = Z
a(β + β′)
Za(β)Za(β′) , (17)
which corresponds to the quantum fidelity between the same canonical ensembles at dif-
ferent temperatures related to β and β′. It explicitly yields the quantum purity of the
thermodynamic ensemble a in terms of Za as
Pa(β) = Faa(β, β) = Z
a(2β)
(Za(β))2 . (18)
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As prescribed by the analytical property of the quantum fidelity, the result from Eq. (17)
simply allows for quantitatively confronting the storage information capacity (related to
quantum purity) between identical quantum ensembles at different thermodynamic regimes.
If asymptotic temperature regimes, with T → ∞, are admitted as the classical limit, the
fidelity between classical and quantum thermodynamic ensembles is null.
At this point, it is also relevant to notice that if a system is subdivided into N
non-interacting distinguishable sub-systems, a1, a2, . . . , aN , then the partition function
of the global system is expressed by the product of the individual partition functions,
Za = ∏Ns=1Zas , which straightforwardly yields
Pa(β) = Z
a(2β)
(Za(β))2 =
N∏
s=1
Zas(2β)
(Zas(β))2 =
N∏
s=1
Pas(β), (19)
which shows that the quantum purity, P , exhibits subaditivity properties similar to those
ones of the partition function, Z. Likewise, if the sub-systems are quantum mechanically
identical one to each other, i.e. a1 ≡ a2 ≡ · · · ≡ aN = A, the total partition function must
be divided by a factor N ! so as to ensure the right number of microstates. It results into
Za = (ZA)N/N ! which yields Pa = (PA)N/N !, as expected.
Finally, given the above correspondence with the partition function, a storage of infor-
mation capacity related to P(β) can be introduced by the dimensionless quantities,
P(β) = β
∂
∂β
ln (P(β)) , (20)
and
CP(β) = −β2 ∂
2
∂β2
ln (P(β)) , (21)
which are respectively analogous to the internal energy and to the heat capacity of a ther-
modynamic ensemble, when P(β) is replaced by 1/Z(β). As it shall be discussed in the
following, both quantities define plateaus of information which can be related to some tem-
perature dependent storage capacity as well as it is noticed from the energy-like quantities
defined in terms of ln(Z(β)) derivatives in statistical thermodynamics. Apart from the
nomenclature analogy, as well known, the thermodynamic heat capacity, C(β), expresses
how much energy one needs to change the temperature of a given mass. It reflects into
its capacity of storing heat. In the case of the replacement of Z(β) by 1/P(β), P(β)
(complemented by CP(β)) expresses the rate(s) of change of stored information which is
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gained(lost) throughout the ensemble evolution from statistical mixtures (pure states) to
pure states (statistical mixtures) – they quantify the quantum coherence behavior in terms
of the temperature associated parameter, β.
Harmonic Oscillator – A natural test platform for the above discussed quantities is the
quantum harmonic oscillator (HO) driven by the dimensionless Hamiltonian equation,
HHOφHOn (x) =
1
2
(
k2 + x2
)
φHOn (x) = (n+ 1/2)φ
HO
n (x), (22)
with Wigner functions associated to φHOn (x) written as
WHOn (x, k) = (−1)npi−1 exp[−(k2 + x2)]Ln[2(k2 + x2)], (23)
where Ln are the Laguerre polynomials, which lead to the thermalized Wigner function (cf.
Eq. (14)) written as [3]
WHOΩ (x, k; β) = pi−1 tanh (β~ω/2) exp
[− tanh (β~ω/2) (k2 + x2)] , (24)
which results into
ZHO(β) = 1
2 sinh (β~ω/2)
, (25)
and, consequently,
FHO(β, β′) = 2
coth (β~ω/2) + coth (β′~ω/2)
and PHO(β) = tanh (β~ω/2) , (26)
respectively for quantum fidelity and quantum purity.
Considering the subadditivity properties from Eq. (19), the results for the quantum purity
and their correspondent storage of information properties are much more evinced for an
anisotropic 3D version the HO system from (22), for which one has
PHO3D (β) = tanh (β~ωx/2) tanh (β~ωy/2) tanh (β~ωz/2) , (27)
which results into the P(β) and CP(β) quantities depicted in Fig. 1, where the anisotropy
property is introduced through the rate of the angular frequencies, ωx : ωy : ωz. From Fig. 1,
it is possible to notice that the results for P(β) (dashed red lines) follow a pattern similar
to that one of the ensemble heat capacity, C(β) (solid black lines), as well as the storage of
information capacity, CP(β) (solid red lines), let the storage plateaus much more evinced.
Turning back to the generalized interpretation of the quantifiers defined by Eqs. (20) and
(21), as it can be depicted in both plots from Fig. 1, the storage of information capacity
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resumed by P and CP – as they respectively correspond to first and second derivatives of
(the logarithm of) P – provide more detailed information for the quantum purity variation
pattern with respect to the temperature, which sometimes is not evinced from purity pro-
files by themselves. P and CP exhibit similar profiles which however are not identical to
those ones of the heat capacity, C. Therefore, they correspond to a set of complementary
thermodynamic averaged quantities which quantitatively describe how the variation of the
level of quantum decoherence measured by P evolves in terms of the temperature depen-
dent parameter, β. Depending on the analytical structure of the partition function, Z(β),
without the tools here introduced, the level of decoherence measured by the quantum purity
can not be straightforwardly obtained from the energy related thermodynamic variables.
Singular Oscillator – An extension of the above results can be exemplified by the sin-
gular oscillator (SO) system driven by the dimensionless Hamiltonian equation [7],
HSOφαn(x) =
1
2
{
k2 + x2 +
4α2 − 1
4x2
− 2α
}
φαn(x) = (2n+ 1)φ
α
n(x), (28)
from which the thermodynamic ensemble of quantum states is described in terms of the
Wigner distribution written as
WαΩ(x, k; β) =
exp(β~ω)
Z(β)
∞∑
n=0
Wαn (x, k) exp(−2nβ~ω), (29)
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FIG. 1: (Color online) Quantum purity, PHO3D (dotted red lines), and the storage of information capacity
described by P(β) (dashed red lines) and CP(β) (solid red lines) as function of β. The plots are for
ωx : ωy : ωz ↔ 1/10 : 1 : 10 (first plot) and ωx : ωy : ωz ↔ 1/10 : 1 : 100 (second plot). By comparative
reasons, the quantum ensemble internal energies, (β) (dashed black lines) and heat capacities, C(β) (solid
black lines), are also described as function of β.
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where Wαn are the Wigner function contributions obtained from the Weyl transform of the
eigenvectors φαn(x) [7], which leads to
WαΩ(x, k; β) =
2 exp(−β~ω)
Z(β)pi
∫ +x
−x
dy exp (2 i k y) exp
[−(x2 + y2)] (x2 − y2) 12+α × (30)
∞∑
n=0
{
exp(−2nβ~ω) n!
Γ(α+ n+ 1)
Lαn
(
(x+ y)2
)
Lαn
(
(x− y)2)},
where Lαn are the associated Laguerre polynomials. In this case, some straightforward math-
ematical manipulations [8] over Eq. (30) results into
∞∑
n=0
{
exp(−2nβ~ω) n!
Γ(α + n+ 1)
Lαn
(
(x+ y)2
)
Lαn
(
(x− y)2)} = (31)
(x2 − y2)−α
(1− λ)λα2 exp
[
− 2λ
1− λ(x
2 + y2)
]
Iα
(
2λ
1
2
1− λ(x
2 − y2)
)
,
with λ = exp(−2β~ω), where Iα is the modified Bessel function of the first kind, and which
can be substituted into Eq. (30) as to give
WαΩ(x, k; β) =
exp(αβ~ω)
sinh(β~ω)Z(β)pi × (32)∫ +x
−x
dy exp (2 i k y) (x2 − y2) 12 exp [− coth(β~ω)(x2 + y2)] Iα( x2 − y2
sinh(β~ω)
)
.
From the standard statistical definitions (cf. Eq. (12)), and for Hamiltonian eigenvalues
described by Eq. (28), it is possible to verify that the expressions for the partition function
as well as for the quantum purity of the SO do not depend on the anharmonic distortion
driven by α. In fact, they reproduce exactly the same thermodynamic phenomenology of
the HO when ω is replaced by 2ω, which can be expressed by ZHO(2β) = ZSO(β) and
PHO(2β) = PSO(β). In this sense, partition functions and quantum purities are useless
in distinguishing one system from each other. Otherwise, one can recover the quantum
projector definition from Eq. (4) as to compute Fab(2β, β) for a ≡ HO and b ≡ SO, for the
Wigner functions respectively obtained from Eqs.(24) and (32).
Given the quasi-gaussian profile from (32) and the typical gaussian pattern from (24),
the numerically obtained results for Fab(2β, β) depicted in Fig. 2 can be read as the (square
of) the quantum fidelity between SO and HO thermodynamic ensembles, which evinces the
role of the parameter α in the anharmonic contributions.
For α = −1/2, one approximately recovers the result for the HO quantum purity, with a
short distortion due to the −2α factor contribution from the Hamiltonian Eq. (28), which
is suppressed in the limit of vanishing temperatures (pure state limit, for β →∞).
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FIG. 2: (Color online) Square of quantum fidelity, FHO−SO(2β, β) between SO and HO thermodynamic
ensembles as function of β. The plots are for α = −1/2 (dotted black line), α = 1/2 (dot-dashed black line),
α = 3/2 (dashed black line), and α = 5/2 (solid black line). The asymptotic value of FHO−SO for α = −1/2
recovers the unitary quantum purity results described by PHO(2β) (dashed red line).
Infinite Box and Quantum Rotors – To summarize, two other typical quantum ensemble
systems that can be discussed in the above context are described in terms of the self-energies
of the infinite box (1D) and of the quantum rotor (3D). The semi-analytic expression for
their partition functions are respectively given by
ZBox(β) =
∞∑
n=0
exp
(−βpi2~2n2/(2ma2))
≈
∫ ∞
0
dn exp
(−βpi2~2n2/(2ma2)) = a(m
β~
)1/2
, (33)
where m is the mass parameter, and a is the box width parameter, and
ZRot(β) =
∞∑
`=0
(2`+ 1) exp
(−`(`+ 1)β~2/(2I))
≈
∫ ∞
0
d` 2`+ 1) exp
(−`(`+ 1)β~2/(2I))
= − 2I
β~2
exp
(−`(`+ 1)β~2/(2I)) ∣∣∣∣`=∞
`=0
=
2I
β~2
, (34)
where I is the inertia momentum parameter. Before discussing the above results, it is
convenient to notice from Eq. (27) that, for a thermodynamic ensemble with the partition
function proportional to a power of β (or T ), i.e. Z(β) ∝ βm, one has P(β) ∝ 1/Z(β)
which, according to the definitions from Eqs. (20) and (21), straightforwardly leads to
P(β) = (β) = −β ∂
∂β
ln (Z(β)) , (35)
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and
CP(β) = C(β) = β2 ∂
2
∂β2
ln (Z(β)) . (36)
It means that, for the above related thermodynamic ensembles, the storage of information
capacities given in terms of P and CP exhibit the same respective pattern described by the
internal energy and by the heat capacity obtained from Z(β). Besides a natural consistency
interpretation, it supports the relevance of the novel quantifiers here introduced, in the sense
that, as noticed from the preliminary results, they introduce a description of complementary
information aspects related to the quantum nature of thermodynamic ensembles.
Brief Conclusion – In this report, from an strict theoretical perspective, it has been
demonstrated that the extension of the definition of phase-space quantum states to thermo-
dynamic ensembles provides general expressions for the quantum purity quantifier and for
more generalized phase-space quantum projectors for thermalized quantum systems. The
results were explicitly obtained in terms of a straightforward correspondence with thermo-
dynamic ensemble partition functions, Z(β), which supports their statistical interpretation,
namely when it is related to subadditivity properties. Besides the quantum mechanical sup-
port given by the Weyl-Wigner framework, and the expected correspondence with the usual
thermodynamic internal energy and heat capacity quantifiers, the information quantifiers
here identified introduce novel attributes to the partition functions. Our results suggest
that the so-called storage of information capacities obtained from the quantum projection
tools here introduced stir up the comprehension of complementary aspects related to the
quantum nature of thermodynamic ensembles.
As a concluding remark, it is worth mentioning that the Weyl-Wigner representation
of the thermodynamic ensembles considered here naturally circumvents the negative (quasi)
probability misunderstandings frequently pointed out in phase-space probability distribution
analysis. In this context, an exhausting list of derived frameworks, which includes Husimi Q
[4, 14] and Glauber-Sudarshan [15, 16] phase-space representations, as well as optical tomo-
graphic quantum mechanics [17–19], can also deserve sharper investigations in the context
of thermodynamics. In this sense, our results can be applied into a broad context of physical
problems, from the improvement of quantum information protocols related, for instance, to
the computation of loss of information in the thermodynamic cycles of quantum heat engines
[6, 10–13], to the investigation of quantum to classical transitions at cosmological scenarios
[9].
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